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Abstract: This study demonstrates the validity of assumption that liberated monomers are converted directly to
cells in exogenous type microbial depolymerization processes. Experimental outcomes were incoorporated into
inverse analysis of a time factor and a molecular factor of a degradation rate. Once those factors were obtained,
microbial depolymerization processes was simulated. The mathematical model is described, and numerical
techniques are illustrated with numerical results.
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1. Introduction

In an exogenous type microbial depolymerization process, molecules liberate monomer units from their
terminals to reduce sizewize. Polyethylene (PE) and polyethylene glycol (PEG) are depolymerizable in
exogenous type microbial depolymerization processes. Microbial depolymerization processes of PEG have been
well documented. Utilization of PEG of average molecular weight 20000 by Psedonomas aeruginosa was
reported [1]. Anaerobic bacteria isolated from sludge of a municipal anaerobic digester degraded PEG 20000 [2].
Efficient biodegradation of PEG by Pseudomonas stutzeri was documented [3]. Microbial depolymerization
processes of PE and PEG have been studied numerically. A mathematical model was proposed and numerical
techniques were developed in studies of biodegradation of PE [4]. Those numerical techniques were reapplied to
microbial depolymerization process of PEG [5].

Unlike exogenous type depolymerization processes, random breakdown of molecules is the essential factor
of endogenous type depolymerization processes. Polyvinyl alcohol (PVA) and polylactic acid (PLA) are
endogenously depolymerizable polymers. A mathematical model was proposed and numerical techniques were
developed in studies of an enzymatic degradation process of PVA [6]. Those numerical techniques were
reapplied to an enzymatic hydrolysis of polylactic acid (PLA) [7]. Techniques originally developed for
endogenous type processes were replied to exogenous type processes of PE and PEG [8].

This study revisited an exogenous type microbial depolymerization process of PEG. Experimental outcomes
were obtained by cultivation of microbial consortium E-1 in culture media, in which PEG was the only carbon
source. Those experimental results were incorporated into a computational analysis. Inverse problems for a
molecular factor and a time factor of a degradation rate were solved. Once those factors were obtained, entire
biodegradation process of PEG was simulated.
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2. Modeling Of Exogenous Type Microbial Depolymerization Process

Let w(t,M) [mg] be the weight distribution of a polymer with respect to the molecular weight M at time t,
and let v(t) [mg] be the total weight of polymer molecules with molecular weight between A and B at time t. The
total weight v(t) over the interval [A, B] is expressible in terms of the integral

v(t)= [ wit.M)dM . (1)

The total weight v(t) of the entire residual polymer at time t is expressed in terms of the integral

v(t)= [ w(t,M)dM . )

Integral (1) serve as an approximation of the integral (2) with appropriate values of A and B. In this study,

integral (2) over the infinite interval was replaced with an integral over a finite interval (1) with A=103.0 and

B=104.2. Similarly, integral with the lower limit 0 was approximated by an integral with the lower limit
A=103.0, and an integral with the upper limit ®© was approximated by an integral with upper limit B=104.2.

Suppose that G(t) is the total population of viable cells at time t. System of equations (3), (4) was proposed
in previous studies [10 - 15].
% = ot) [ A(M)w ()] A(K)d (K)wt, K)dK} (3)
do _ vl 4
. =k[-v(t)]-ho, 4)

g X log 2
o(M)=Me™, d(K)= K(lﬂ_e%), p= E .

Parameter L is the molecular weight of a mono eg unit, e,g. PE: L=28 (CH2CH2), PEG: L=44 (CH2CH20),
and k and h are positive parameters. Functions and O'(t are the molecular factor and the time factor of
degradation rate, respectively. Equations (2) and (3) lead to the expression

v’(t):a(t).[:[—/l(M)W(t,MHC(M)_[J&(K)d(K)W(t,K)dK}dM (5)
Suppose that O(M) and ©° are the initial weight distribution and the initial microbial population,
respectively. System of equations (3), (4) is accompanied with the initial conditions

w(0.M)= f,(M), (6)
o(0)=0,. ©)

3. II;Iumerical Techniques for Analysis of Exogenous Type Depolymerization
rocess

The initial value problem (3), (4), (6), (7) is solvable provided the molecular factor M) and values of
parameters %0k and h are prescribed. In order to obtain the function AM) and values of parameters %0k,
and h, consider the change of variables fromtto 7

T= {; O'(S) ds. (8)

Denote functions corresponding to w(t,M), G(t , and v(t) by W(z, M), S(T), and V(T), respectively.

Since 8 oot 1 at
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equations (3) and (4) lead to equations

aaivr =MW +c(M )J.,:ﬂ(K)d(K)N(T, K)dK (10)
$=kv/(2')—h ' (11)

respectively. Since

vit) =2 -V 97 i),

S dt drodt (12)
it follows that
() V()
VO30
and that
V()= [ - AMW (M} c(M)[ A(K)d (KW (z, K)dK}dM : (13)

Suppose that F1(M) is the weight distribution for 7 =T, that is,
W(T, M)=F(M) (14)
and that F,(M) is the weight distribution for 7 =T,, that is,

W(T,,M)=F,(M) (15)
Equation (10), the initial condition (14), and the final condition (15) constitute an inverse problem for MM )

for which the solution of the initial value problem (10), (14) also satisfies the final condition (15).

Numerical technigues were developed for the inverse problem (10), (14), (15) in previous studies. Weight
distributions of PEG before after cultivation of microbial consortium E-1 for two days, four days, and seven
days, fO(M), f1(M), f2(M), and f3(M), were incorporated into analysis. Note that w(ti,M) = fi(M) (i =0, 1, 2, 3),
where t0 = 0, t1 = 2, t2 = 4, and t3 = 7. Weight distributions after cultivation of the microbial consortium E-1 for
two days f1(M) and four days f2(M) were assigned to the functions F1(M) and F2(M), respectively, and the
inverse problem (10), (11), 812) was solved numerically for TL=0and T2 = 2.

Once the function E(M was obtained, equation (10) was solved for W(T’ M ) with the initial condition

W(z,,M)=f,(M), (16)

where 7, =0, A previous study shows that function v(r) is approximated by an exponential function

Ve)=vie™ (Vo= f,(M)dm (173)
Note that V'(z)=—z,e . In this study, function v (z) was approximated by the exponential function (17) with
1~ 0.506.
once V(@) was obtained, equations V(r)=vt) (i=123)
7, ~0.634, 7, ~2.580 75 ~6.863, 016 obtained.

Suppose that S( ' ’ ) is the solution of the equation (11) with initial value ®°. The change of variables
(8) leads to the equation t = q(r,o-o,k,h), where

were solved numerically, and values
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c dr

0.k, h)=| —. 17b
.00 k)= | S(r, g,k ) (170)
Given M pairs of values of t and 7, (tr) G=2.om)gen that & = (i 00.k,h) equations for

%0, k, and h,
9,(cp, k,n)=0 (i=1...,m), (18)

where g,(o,,k,h)=q(z,,o,,k,h)—t,, must hold. In this study, system of equations (18) was solved for m=3.
The Newton’s method was applied to the equation g,(c,,k,h)=0 to obtain the value of k for each fixed pair of
values of o, and h. That is, the function ¢(c,,h), such that g,(o,,#(c,,h),h)=0, was obtained. The
Newton’s method was applied to the equation g, (o, #(c,,h),h)=0 for evaluation of h for each value of o, .
That is function (o, ), such that g, (o, #(c,, (o, ) w(o,)) =0, was obtained. The iterations were repeated
until the residual between two consecutive approximations reduce to a value less than 10, Now the equation
9.(04. 4oy, w(0,)w(o,))=0  remains to be solved. Figure 1 shows the curve
(64, 95(04, #(04, (0, ), (o, )))- Figure 1 shows that there is a solution of the equation

9s (Uo ' ¢(O'o ’ '//(0'0 )) (Go )) (19)

in the mterval [0.12,0.13] The bisection method was applied to the equation (19), and values of the

araineker(s k h 27 k ~0.00380, and h~0.0821 \ere obtained. Figure 2 and shows the curve
9. oo, ) for those values of % K and h
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Fig. 1: Curve (ao, g3(00,¢(0m‘//(00))’ ‘//(Go)))'
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Fig. 2: Curve (t,7)=(q(z,0,,k,h),7) .

Once the molecular factor Z(M) and the time factor O'(t) of the degradation rate were obtained, initial value

problem (3), (6) was solved numerically. Figure 3 shows numerical results and experimental results for the

weight distribution before and after cultivation of the microbial consortium E-1 for two days, four days, and
seven days. Figure 4 shows values of optical density OD 630, O, : Ol, O o

2 and "3 att0=0,t1 =2,t2=4, and
t3 = 7, and the OD conversion of the microbial population by ratio of areas, that is, (t’ Z(t)) where
2(t)=o(t)/S,*O, [15]. Here Sa and ©Oa are defined by

S, = [ olt)dt,
0,-% ;01 (t-t,)+ 01;02 t,-1)+ ;03 (t, —t,), are areas of regions in the plane

{@ )t <t <t 0<x<of(t)), {(t, X):t, <t <t,,0<x<O(t)},
respectively, where o(t)is the piecewise linear function

O(t)= t, -t o, + t—t

a7 3.0 .
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Figure 3: Figure 4: Experimental results and numerical results of weight distribution before and after cultivation of
microbial consortium E-1 for two days, four days and seven days.
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Figure 4: OD 630 and OD conversion of o(t)

4. Discussion

Microorganisms utilize polymer molecules as the carbon source in exogenous type microbial
depolymerization processes,. The consumption of monomer units by microorganisms is converted to cells, and
is the total amount of monomer unit consumed by the microorganisms per unit time. Equation (4) is based on the
fact that this amount is converted to the increase of cells.

In a previous study [12], equation (4) was applied to a set of profiles of residual PEG. In recent studies,
equation was applied to the set of weight distributions. The Newton’s method in conjunction with the bisection
method was applied to the system (18). The residual PEG was assumed to be an exponential function , where
the value of was obtained from a numerical solution of initial value problem (10), (16) [14]. In this study the
Newton’s method was applied for numerical solutions of equations , and the bisection method was applied for
a numerical solution of the equation . Figure 3 shows numerical results and experimental results concerning the
weight distributions after cultivation of the microbial consortium E-1 for two days, four days and the seven days.
Acceptable agreements are shown between the numerical results and the experimental results of weight
distributions after cultivation for two days and four days, and those numerical results show that our techniques
are applicable to inverse analysis with a set of weight distributions.

The optical density accounts for viable cells as well as inviable cells. The resemblance between the OD
630 outcomes and the conversion of microbial population indicates that the majority of cells are viable in the
first seven days of coultivation..
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